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Definition. (Isometry Problem) Given a Banach space (of analytic
functions) X, what are the isometries on X ? That is, what are the
linear operators 1" : X — X such that

forallx € X?

T = [l=l]
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Definition. (Isometry Problem) Given a Banach space (of analytic
functions) X, what are the isometries on X ? That is, what are the
linear operators 1" : X — X such that

[ Tx|| = ||z]|,
forallz € X?

The Isometry Problem was first investigated by Banach in 1932,
when he proved that the surjective isometries on C(Q), the space
of continuous real-valued functions on a compact metric space (),
are of the form

Tf=1v(fop),

where |1)| = 1 and ¢ is a homeomorphism of () onto itself.
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Definition. For 0 < p < oo, the Hardy Space H? consists of
analytic functions f on the open unit disk ID such that

1711,

sup
o<r<i1

1

2T

1/p

2T
/ ‘f(frew)‘p do < 00.
0
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Definition. For 0 < p < o0, the Bergman Space AP consists of
analytic functions f on ID such that

11, =

1/p
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Definition. For 0 < p < o0, the Bergman Space AP consists of
analytic functions f on ID such that

fl, = (/}D\f(Z)\p dA)l/p<oo.

Theorem. (Kolaski, 1982) Let 0 < p < oo, p # 2. Then
T : AP — AP is a surjective linear isometry if and only if 7" has
the form

Tf=Me)P(fop)

where ¢ is an automorphism of D and A is a constant of modulus 1.
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Weighted Composition Operators seem to be at the heart of the
Isometry Problem, and thus are an important operator to study.
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Weighted Composition Operators seem to be at the heart of the
Isometry Problem, and thus are an important operator to study.

Issues:

1. Weighted Composition Operators are difficult to study.

2. In order to get an understanding of the behavior of the
weighted composition operators, it is helpful to study the
Multiplication and Composition Operators independently.

3. The composition operators have been greatly studied, where
as the multiplication operators have not.

In order to understand the weighted composition operators better,
we must first understand the multiplication operators.
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Definition. An analytic function f : D — C is said to be Bloch
provided

By == sup(l — |*) | £/(2)] < oo.

zeD

The Bloch space , definedas B = {f € H(D) : 8y < o0}, isa
Banach space under the norm

/1l = 1F(0)] + By
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Definition. An analytic function f : D — C is said to be Bloch
provided

By == sup(l — |*) | £/(2)] < oo.

zeD

The Bloch space , definedas B = {f € H(D) : 8y < o0}, isa
Banach space under the norm

/1l = 1F(0)] + By

Theorem. (Schwarz-Pick Lemma) Let f : D — D be analytic.
Then for z € D,

L=z If I <1=1fR)]

If f(2) is a conformal automorphism of DD, then equality holds;
otherwise the inequality is strict for all z € D.
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mIf f € Bandy: D — D analytic, then

6fogo S 6f

Moreover, if i is a conformal automorphism of D, then
equality holds.

Multiplication Operators on B — 10/ 23



The Isometry Problem

ofvaton Definition. Let ‘B, denote the set of Bloch functions that fix the
T:;::;:Sp“e . origin, that is
Schwarz-Pick ; B* — {f - B . f(O) — 0}

The Isometry Problem ¢

Pointwise Multipliers

Previous Results

My Research

Future Developments

References

Multiplication Operators on B — 11 /23



The Isometry Problem

Motivation

The Bloch Space

Definition

Schwarz-Pick

The Isometry Problem

Pointwise Multipliers

Previous Results

My Research

Future Developments

References

Definition. Let B, denote the set of Bloch functions that fix the
origin, that is

B.,={fe€B: f(0)=0}.

Theorem. (Cima & Wogen, 1980) Let 7' : B, — B, be a surjective
isometry. Then there exists a conformal automorphism ¢ of ID and
a A € dD so that

T(f) = Afow)—Af(e(0)),

forall f € B,.
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Definition. A Bloch function f is called a pointwise multiplier of
the Bloch space if

fB C B

If 1) : D — C is analytic, we define the multiplication operator
with symbol 1) on the Bloch space as

for f € B.

We see a very nice connection between functional analysis and
operator theory in that 7 is a pointwise multiplier of the Bloch space
if and only if M, : B — B is a bounded operator.
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The boundedness of the multiplication operator was characterized
iIndependently by Arazy and Brown & Shields.

Theorem. [Arazy, 1982] An analytic function ) : D — C induces a
bounded multiplication operator ), on the Bloch space if and only
if 1 is bounded and

14+ |z
sup (1 [2f?) [¢/(2)] log 11 < oc.
zeD 1 ‘Z‘
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The boundedness of the multiplication operator was characterized
iIndependently by Arazy and Brown & Shields.

Theorem. [Arazy, 1982] An analytic function ) : D — C induces a
bounded multiplication operator ), on the Bloch space if and only
if 1 is bounded and

14+ |z
sup (1 [2f?) [¢/(2)] log 11 < oc.
zeD 1 ‘Z‘

Theorem. [Brown & Shields, 1991] The analytic function

1 : D — C induces a bounded multiplication operator M, on the
Bloch space if and only if 1) is bounded and

()] — 1
() 0<(1Z)1Og112>.
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Definition. An operator 1" : X — Y between Banach spaces is
called compact if for every bounded sequence {mn} C X, the

image {7'x,, } has compact closure in Y.
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Definition. An operator 1" : X — Y between Banach spaces is
called compact if for every bounded sequence {mn} C X, the
image {7'x,, } has compact closure in Y.

In their 2001 paper, Ohno and Zhao characterized the bounded and
compact weighted composition operators on the Bloch space.

As a special case, Ohno and Zhao deduced a characterization of
the compact multiplication operators on the Bloch space.

Theorem. [Ohno & Zhao, 2001] The multiplication operator M, is
compact on B if and only if 1) = 0.
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Definition.

Let ¢ be a Bloch function on ID. Define

Oy — SUup
zeD

1
2

1+ |z

50— =) W () los T
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Definition. Let v be a Bloch function on ID. Define

1
oy = sup =(1 - |2f?) [1/(2)]log
zeD 2

1+ |z
1— 2|

Theorem. [A. & Colonna, 2008] Suppose 7 is an analytic function
on D inducing a bounded multiplication operator M., on ‘B. Then

max {[[¢l, 1611} < Mol < max {|[]l, [[¢]]. + 00}
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Definition. Let v be a Bloch function on ID. Define

1
oy = sup =(1 - |2f?) [1/(2)]log
zeD 2

1+ |z
1— 2|

Theorem. [A. & Colonna, 2008] Suppose 7 is an analytic function
on D inducing a bounded multiplication operator M., on ‘B. Then

max {[[¢l, 1611} < Mol < max {|[]l, [[¢]]. + 00}

To achieve these estimates, we actually established estimates on
the weighted composition operator first, and from them deduced the
above estimates.
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If 1 is a constant function of modulus 1, then M, is an isometry on
‘B since

My (Hllg = 1LO) )] + Byp = [F(O)] + B = [Iflls -

Theorem. [A. & Colonna, 2008] The multiplication operator M, is
an isometry on B if and only if ¢ is a constant function of modulus
1.
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Definition. If 7" is a bounded linear operator on a complex Banach
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o(T)={\ € C:T — Ml isnotinvertible},

where [ is the identity operator.
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Definition. If 7" is a bounded linear operator on a complex Banach
space F/, then the spectrum of 7' is defined as

o(T)={\ € C:T — Ml isnotinvertible},
where [ is the identity operator.

Theorem. [A. & Colonna, 2008] Let v be the symbol of a bounded
multiplication operator M, on B. Then

o(My) = (D).

Corollary. [A. & Colonna, 2008] Let 7 be the symbol of an
iIsometric multiplication operator M, on ‘B. Then

o(My) = {9(0)}-
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